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Abstract

When we study spherically symmcmc distributions of con.charped, perfect fluid in
general relativity, 2 general cxpfessmn giving the meiic can be oldzined under the
assumption that the space-nmc is conformally flat, Formulae for ihe *mmc, matter
Aensitv and pressure are given in isotropic coordinates.

rs

- Lonformally flet space-times constitute ar especially imporiant class of
Riemannian space-times; it is suﬁ’;c:ienz to mention i2af the space-times of
relativistic cosmology belong here. It is also 2 welbknown feature of the
internal Schwarzschild solution (Schwarzschﬂd, 1516} that its metric s
conformally ﬁat. It may be easily demonstrated that this is the only static
- - and spherically symmetric solution of the Einstein equations that is con-

formally flat. Now it could be asked with rzspect to the non-static solutions
of Einstein’s equations in the case of spherical symmetry whether it is
possible to obtain exact expressions for extensions of the internal Schwarz-
schild solution. »
A search for non-static solutions of Einstein’s equations for a perfect
fluid -will be made in the isotropic coordinates in wh!ch the metric has the
- form )
dste= —e*dr? +r2dF +r? si323d¢’)‘+ e* di? H

The advantage of the isotropic coordinate system over other ones is due o
. the fact that the line element of any spherically symmetric space-timie can
be brought into the form (1). The detailed form of Einstein’s field eguations
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with the metric (I} is given in Sectinn 3 of 2 previous paper (Kuchowicz,

1371} The non-vanishing components of the enerov-momentum tensor are

here: Ty = T2 = ¥5% = —p, Tyt = p, where p is “the enerpy density, and
P pressure, as measured by 2 local comoving observer. Now, the condition
of pressure isotropy {T* = T,%) leads to the following relation:

. , PO A4y
V4 AR - A - = { k3
Here dots denote differentiation with respect to ¢, and primes with respect
o X2 ’
Another refation follows from the condition Tt = 0:

‘— 3 =0 @

¥t mas shown in the previons paper-(Kuchowicz, 1971} that with a solution
ofeguation (&),

e"2 = JF(£) (5}
we obtain from equation {3} 2 nariial differential equation for the function

A only,
Use will now be made from the condition of conformal flatness of our

space-time. The conformal curvature tensor which iz defined as
C,lgw = RZuva"’ %(gla an + & sz: =~ v Rua -~ Zue Rfi
& A’R(giu Baev— &iv gud} (6)

shmﬂd te equal to zero. Since in spherically symmetric space-times it has
essentially one indepeadent component only. our condition leads to one

relation oanly:

. 1{ . ? .
YAV r“ =0 )
This gives, after one-integration,
| Ay = —-———~———4f g
o Fl(t) - fzi ( )

whare Fy(t) is an arbitrary function of 2. When we insert this, and equation
(5) into equation (3), we have

. 4
=34y ~—=0 ©
The latter equation has the same form as in the static case (when the

internal Schwarzschild solution is obtained), only the wteoratmn constants
C poOw become functicns of ¢. Finally we abiain »

ot L 3(’) ¢‘wF4(z)(F--‘(t)mrz)z (10)
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This metric with the foor arbitrary functions F}(s} is the most general

e . & o y— sverlirim t
conformally flat metvic of spherical symmetry in isotropic coordimates.

The corresponding expressions for energy density and pressore are

- m; 3 [(F-riV[E B
ser =5+ i {Fr) |7 2he

Brp = 4——-—-~- OF, F,— Fy? +r2(F;,— 2Fy)

F, F, 3/F
+F¢(Fj"f") { ET‘t(Fa)

-+F3 £ -—3( L )2+2 Fy

v FF;—-F2' F ; 2 -—l’
( 2%, fw“ 2 an
2\Fy ~r? E/\f: Fz"'f'Jﬂ

From the expressions for energy density and pressure it is easy 1o sec
that when the functisns F do not depend on time, our spluvion reduses to
the internal Schwarzschild solution. The —¢lass—of- Robertson-Walker
‘metrics may be obtained from our expressions (10} with the substitution
Fy== F; = constant, The 1ogtvic we derived may be thus used both f5r a
descrxpnon of gﬁnerai relativistic non-static spheres, along the lines
presented in some pravious papers {e.2. Kuchowicz, 1971),-or for cosmo-
logical models.

It seems to be worthwhile to mention that we have solved equation (7)
provided 4" # v'. If this condition is not fulfilled then the general spherically
-~ symmgtric metric has the form

ds® = e°[dt? — dr? — r?d$> —r?sin? § dp?} {12
~ where the function ¢ is the solution of the two eguations '
5@ -2 =0 a3
¢'— 365" =0 (14
We have .
e Gx(‘) :
1 GOF @

with two arbitran y functions of time, G {6} and G,{t). Energy density and
pressure are now if G, is constant

8np = GTH12G, — 3G*) _

8ap = G+ 2G,)rz +2G, G - 362~ 86
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We se¢ that pressure does not depend o1 ¢ provided we have

Gilty =~ + 4,1+ 4, amn

and A, are constants, :

_ The solution {15; may be obtained {rom equation (10) by the formal
substitution F{F,Y = F;, F, = 0. Due to the fact that it is possible for any
spherically symmetric space-time to apply the isetropic coordinates, it is
evident that otrr formuiae give ibe general conformally flat metric of
spherical symmetry; in some cases this may be brought into another form
that would be consistent with other coordinate systems, e.g. the canonical
ones.
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